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Abstract 

Let TZ = {R, 0, <, 0) be an algebraic structure, where © is a commutative binary operation 
with identity 0, and < is a translation-invariant total order with least element 0. Given a 
distinguished subset S' C i?, we define the natural notion of a “generalized” 7?.-metric space, 
with distances in S. We study such metric spaces as first-order structures in a relational language 
consisting of a distance inequality for each element of S. We first construct an ordered additive 
structure S* on the space of quantifier-free 2-types consistent with the axioms of 7?,-metric spaces 
with distances in S', and show that, if A is an 7^-metric space with distances in S, then any model 
of Th(A) logically inherits a canonical S*-metric. Our primary application of this framework 
concerns countable, universal, and homogeneous metric spaces, obtained as generalizations of 
the rational Urysohn space. We adapt previous work of Delhomme, Laflamme, Pouzet, and 
Sauer to fully characterize the existence of such spaces. We then fix a countable totally ordered 
commutative monoid TZ, with least element 0, and consider U-ji, the countable Urysohn space 
over TZ. We show that quantifier elimination for Th(Z// 7 j) is characterized by continuity of 
addition in TZ*, which can be expressed as a first-order sentence of TZ in the language of ordered 
monoids. Finally, we analyze an example of Casanovas and Wagner in this context. 


The fundamental objects of interest in this paper are metric spaces. Specifically, we study the 
behavior of metric spaces as combinatorial structures in relational languages. This is the setting 
of a vast body of literature (e.g. D, [^, [^, [^, 26 , [^) focusing on topological dynamics 
of automorphism groups and Ramsey properties of countable homogeneous structures. Our goal 
is to develop the model theory of metric spaces in this setting. We face the immediate obstacle 
that the notion of “metric space” is not very well controlled by classical first-order logic, in the 
sense that models of the theory of a metric space need not be metric spaces. Indeed, this is a 
major motivation for working in continuous logic and model theory for metric structures, which are 
always complete metric spaces with the metric built into the logic (see i). However, we wish to 
study the model theory of (possibly incomplete) metric spaces treated as combinatorial structures 
(specifically, labeled graphs where complexity is governed by the triangle inequality). In some sense, 
we will sacrifice the global topological structure of metric spaces for the sake of understanding local 
combinatorial complexity. We will also develop an algebraic structure on distances sets of metric 
spaces, as a means to analyze this combinatorial complexity. 

Another benefit of our framework is that it will be flexible enough to encompass generalized 
metric spaces with distances in arbitrary ordered additive structures. This setting appears often in 
the literature, with an obvious example of extracting a metric from a valuation. Other examples 
include [^, where Narens considers topological spaces “metrizable” by a generalized metric over 
an ordered abelian group, as well as , where Morgan and Shalen use metric spaces over ordered 
abelian groups to generalize the notion of an M-tree. Also, in D, Casanovas and Wagner use the 
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phenomenon of “infinitesimal distance” to construct a theory without the strict order property that 
does not eliminate hyperimaginaries. We will analyze this example at the end of Section 

We will consider metric spaces as first-order relational structures. However, when working 
outside of this first-order setting, it will usually be much more convenient to think of metric spaces 
as “sorted” structures consisting of a set of points together with a distance function into a set of 
distances. Distinguishing between these two viewpoints will be especially important, and so we will 
very carefully explain the precise first-order relational setting in which we will be working. This 
explanation requires the following basic definitions. 

Definition 0.1. Let Tom = {©, 0} be the language of ordered monoids consisting of a binary 

function symbol ©, a binary relation symbol <, and a constant symbol 0. Fix an Tom-structure 

TZ = {R, ©, <, 0 ). 

1. 7^ is a distance magma if 

(i) (totality) < is a total order on R] 

(ii) (positivity) r < r © s for all r, s G R; 

(Hi) (order) for all r, s,t,u G R, ii r < t and s < u then r © s < f © u; 

(if) (commutativity) r © s = s © r for all r, s G i?; 

(v) (unity) r © 0 = r = 0 © r for all r G 12. 

2. IZ is a, distance monoid if it is a distance magma and 

(vi) (associativity) (r © s) © t = r © (s © t) for all r,s,t G R. 


Note that if 7^ is a distance magma, then it follows from the positivity and unity axioms that 0 
is the least element of 72. Moreover, given r, s,t G R ii r < s then r©t<s©iby the order axiom. 
However, it is worth emphasizing that this translation-invariance is not strict: we may have r < s, 
while r © t = s © t. In particular, a distance magma may be finite, in which case if s G 72 is the 
maximal element then r © s = s for all r G 72. See Example 0.4 below. 


Remark 0.2. Recall that, according to [^, a magma is simply a set together with a binary 
operation. After consulting standard literature on ordered algebraic structures (e.g. [^), one might 
refer to a distance magma as a totally and positively ordered commutative unital magma, and a 
distance monoid as a totally and positively ordered commutative monoid. So our terminology is 
partly chosen for the sake of brevity. We are separating the associativity axiom because it is not 
required for our initial results and, more importantly, associativity will frequently characterize some 
useful combinatorial property of metric spaces (see Proposition H^e), Proposition 5.7, Exercise 


5.11). 


Next, we observe that the notion of a distance magma allows for a reasonable definition of a 
generalized metric space. Definitions of a similar flavor can be found in [^, (^, and 

Definition 0.3. Suppose TZ = (72, ©,<,0) is a distance magma. Eix a nonempty set A and a 
function d : A x A — )• 72. We call (A, d) an 7^-colored space, and define the distance set of 
(A, d), denoted Dist(A, d), to be the image of d in 72. Given an 7^-colored space (A, d), we say d is 

an 7^-metric on A if 
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(i) for all x,y G A, d(x, y) = 0 ii and only ii x = y, 
(ii) for all x,y G A, d(x,y) = d(y,x); 
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{Hi) for all x,y,z £ A, d{x, z) < d(x, y) © d{y, z). 

In this case, {A, d) is an 7^-metric space. A generalized metric space is an 7^-metric space for 
some distance magma TZ. 

We now detail the first-order setting of this paper. Given a distance magma TZ, we first define 
relational languages suitable for studying 7^-metric spaces with distances in some distinguished 
subset of R. In particular, given S R, with 0 G S', we define a first-order language £5 = 
{d{x, y) < s : s £ S}, where, for each s G S, d{x, y) < s is a binary relation symbol in the variables 
x and y. 

For later purposes, we describe the interpretation of arbitrary TZ-colored spaces as /Ig-structures. 
Fix a distance magma TZ = (i?, ©,<,0) and a subset SCR, with 0 G S'. Given an 7^-colored 
space A = {A,dA), we interpret A as an £ 5 -structure by interpreting the symbol d{x,y) < s as 
{(a, 6 ) G : dA{a,b) < s}. We let Th£g(^) denote the complete / 25 -theory of the resulting / 25 - 
structure. All model theoretic statements and resnlts about generalized metric spaces 
will be in this relational context. 

Recall that we have another language, namely. Com- Many of the results in this paper and 
its sequel associate model theoretic properties of generalized metric spaces with algebraic and 
combinatorial properties of distance magmas, which can often be expressed in a first-order way 
using Com- Therefore, the reader should consider Com as an auxiliary language used mostly for 
convenience. Altogether, it is worth emphasizing again that throughout this paper, we will be 
working with two different classes of structures. The primary class is that of generalized metric 
spaces, and our main goal is to develop the model theory of these objects in the relational setting 
discussed above. The secondary class of structures is the class of distance magmas. We will not 
focus on this class from a model theoretic perspective. 

One motivation for the study of generalized distance structures comes from the wide variety 
of examples this notion encompasses. The following are a few examples arising naturally in the 
literature. 


Example 0.4. 


1. If 7^ = <,0) then 7^-metric spaces coincide with usual metric spaces. In this case, 

we refer to 7^-metric spaces as classical metric spaces. 

2. If 7^ = max, <, 0) then 7^-metric spaces coincide with classical ultrametric spaces. 


3. Given S C with 0 G S', we consider classical metric spaces with distances restricted to S. 
This is the context of [11| , which has inspired much of the following work (especially Section 
[^. If S satisfies the property that, for all r, s G S, the subset {x G S : x < r + s} contains 
a maximal element, then we have a distance magma S = (S,+ 5 ,<, 0 ), where r +5 s := 
max{x G S : X < r + s}. In this case, S-metric spaces are precisely classical metric spaces 
with distances restricted to S. This situation is closely studied by Sauer in 
Section]^ we develop this example in full generality. 


23 and |24|. In 


A more important motivation for considering distance structures and metric spaces at this level 
of generality is that we will obtain a class of structures invariant under elementary equivalence. 
Roughly speaking, we will show that any model of the / 25 -theory of an 7^-metric space with distances 
in S is itself a generalized metric space over a canonical distance magma S *, which depends only on S 
and TZ, but often contains distances not in S. For example, suppose A = {A, dA) is a classical metric 
space over +, <, 0), which contains points of arbitrarily small distances. Then we can use 
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compactness to build models of the /lQ>o-theory of A, which contain distinct points infinitesimally 
close together. Therefore, when analyzing these models, we must relax the notion of distance and 
consider a “nonstandard” extension of the distance set. The first main result of this paper is that 
such an extension can always be found. 


Theorem A. Let TZ be a distance magma. For any S F with 0 G 5, there is an Com-structure 
S* = {S*, (B*s, <*, 0) satisfying the following properties. 

(а) S* is a distance magma. 

(б) (5*,<*) is an extension of {S,<), and S is dense in S* (with respect to the order topology). 

(c) Given r,s £ S, if r ® s G S then r s = r ® s. 

(d) Suppose A is an TZ-metric space, with Dist(A) C S. Fix M |= Th£g(A). 

(i) For all a,b £ M, there is a unique a = a{a,b) £ S* such that, given any s £ S, we have 
M ^ d{a, b) < s if and only if a <* s. 

(ii) If dM : MxM — S* is defined such that dM{a,b) = a{a,b), then {M,dM) is an S*-metric 
space. 

The object S* from Theorem is obtained by defining a distance magma structure on the 
space of quantifier-free 2-types consistent with a natural set of axioms for 7^-metric spaces with 
distances in S. We will also give explicit combinatorial descriptions of the set S* and the operation 
©^. Moreover, we will isolate conditions under which, in part (d) of this theorem, the requirement 
Dist(A) C S can be weakened (for example, in order to keep £5 countable). Theorem [A| appears 


again in its final form as Theorem 3.3 


We then consider the existence of an TZ-Urysohn space over S, denoted where 5* is a 
countable subset of some distance magma IZ. When it exists, U.^ is a countable, ultrahomogeneous 
7?,-metric space with distance set S, which is universal for finite 7^-metric spaces with distances 
in S. In 11 , Delhomme, Laflamme, Pouzet, and Sauer characterize the existence of in the 
case of 7^ = +, <, 0). In Section I we show that after appropriate translation, the same 

characterization goes through for any IZ. A corollary is that given a countable distance magma 
IZ = {R, ©, <, 0), the 7^-Urysohn space U-ji := exists if and only if © is associative. Therefore, in 
Section]^ we fix a countable distance monoid IZ and consider F]i{Uti) := Th£^( 777 ^), the first-order 
£/j-theory of IL'ji. Our second main result characterizes quantifier elimination for LLfUn) in terms 
of continuity in IZ* = (77*, ©^, <*, 0). 

Theorem B. IflZ is a countable distance monoid then Th.{U-ji) has quantifier elimination if and 
only if, for all s £ R, the function x x ©|j s, from R* to R*, is continuous with respect to the 
order topology on R*. 


This theorem appears again as Theorem 6.10 A corollary of this result is the existence of 
an £om-sentence (p such that, if 7^ is a countable distance monoid, then Th( 777 ^) has quantifier 
elimination if and only if IZ |= p. In Section]^ we will see that quantiher elimination holds for most 
natural examples found in previous literature, including the rational Urysohn space and sphere. It is 
interesting to note that a demonstration of quantifier elimination (in a discrete relational language) 
for these classical examples does not appear explicitly in previous literature. The closest related 
result is [^, in which Casanovas and Wagner demonstrate quantifier elimination for a certain theory, 
which they also show does not have the strict order property or elimination of hyperimaginaries. A 
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consequence of the framework developed in this paper is that their theory is precisely that of the 
rational Urysohn sphere (see Section]^. 

Note that if TZ is finite then quantifier elimination for follows from standard results on 

Mo-categorical Fraisse limits. However, if TZ is infinite then Th(^ 7 ^) is not Mo-categorical. In this 
situation, quantifier elimination for Fraisse limits can fail (see Example 6.12). Therefore, Theorem 
[B| uncovers a class of possibly non-Mo-categorical Fraisse limits in which quantiher elimination is 
characterized by natural analytic behavior of the structure. 

The characterization of quantifier elimination for Th.iU'ji) also initiates a program of study 
concerning the relationship between model theoretic properties of lA'ji and algebraic properties of 
7Z. This is the subject of the sequel to this paper [^. The result is a rich class of first-order structures 
without the strict order property, which represent a wide range of complexity in examples both 
classical and exotic (e.g. stable theories of refining equivalence relations as ultrametric Urysohn 
spaces; the simple, unstable random graph as the Urysohn space over {0,1,2}; and the rational 
Urysohn space, which has the strong order property). Moreover, these measures of complexity are 
characterized in by natural algebraic and combinatorial properties of the monoid TZ. 

We give a brief summary of the paper. In Section we axiomatize generalized metric spaces. 
In Sections and we construct S* and prove Theorem Section develops specific analytic 
features of S*, which will be needed for later results. In Section we characterize the existence of 
generalized Urysohn spaces; and we prove Theorem [B] in Section]^ Sectioncontains examples. 


1 Axioms for Generalized Metric Spaces 

Our first main goal is to construct the structure (S'*, © 5 , <*, 0) described in Theorem]^ where S is 
some subset of a distance magma TZ = (i?, ©, <,0). Each step of the construction is motivated by 
an attempt to capture the first-order theory of 7^-metric spaces, and so we first formulate axioms 
for these structures. 

Definition 1.1. Suppose TZ = (i?, ©, <, 0) is a distance magma. Fix SCR, with 0 G S. 

1. Recall that we defined the first-order language £5 = {d{x,y) < s : s £ S} where, for each 
s £ S, d{x, y) < s is a binary relation symbol in the variables x and y. Let d{x, y) > s denote 
the negation ^{d{x,y) < s). 

2. Let denote the union of the following schemes of £s'-sentences: 

(MSI) \/x\/y{d{x,y) < 0 x = y)] 

(MS2) for all s £ S, 

yxyy{d{x,y) < s -H- d{y,x) < s); 

(MS3) for all r,s,t £ S such that there is no x G S' with t < x < r ® s, 

^x\/y\/z{{d{x, y) <r A d{y, z) < s) ^ d{x, z) <t)-, 

(MS4) if S has a maximal element s, 

MxMy d{x, y) < s. 

Remark 1.2. Let 7^ be a distance magma, and fix S C R with 0 G S. From (MSI) and (MSS) we 
deduce that for all r, s G S, if r < s then 

1= VxV?/(d(x, y)<r^ d{x, y) < s). 


5 



In particular, for all s G S, ^ Vrr d{x, x) < s. It follows that there is a unique quantifier-free 
1-type (with no parameters) consistent with 

It is not difficult to see that 7^-metric spaces, with distances in S, satisfy the axioms in 
However, it will be helpful in later work to know when 7^-metric spaces, with distances possibly 
outside of S, still satisfy Toward this end, we first define a notion of approximation, which 

captures the extent to which atomic T^-formulas can distinguish distances in R. 

Definition 1.3. Suppose TZ = {R, ©, <, 0) is a distance magma. Fix SCR, with 0 G S'. 

1. Define 

Int(S', TZ) = {{0}} U {(r, s] : r,s G S, r < s}, 

where, given r,s G S with r < s, (r, s] denotes the interval {x G R : r < x < s}. (These sets 
are chosen to reflect quantifier-free Ts-formulas of the form “r < d{x, y) < s” := {d{x, y) > 
r) A {d{x,y) < s).) 

2. Given X C R, a function $ : X —)> Int(S', 7?.) is an (S, 7^)-approximation of X if x G ‘h(x) 
for all X G X. When <I>(x) / {0}, we use the notation $(x) = (<l>“(x), <l>+(x)]. 

3. Suppose (xi,..., Xn) G R^ and is an (S, 7^)-approximation of {xi,..., x^}. Let X$(xi,..., Xn) 
denote <h(xi) x ... x <h(x„) C 72”. 

Note that if is an (S', 7^)-approximation of X C R, and 0 G X, then we must have ^>(0) = 
{0}. Therefore, whenever defining a specific (5,7^)-approximation <I>, we will always tacitly define 
<h(0) = {0}, and let <I>+(0) = 0. 

Next, we define a condition on 7?,-metric spaces A and sets SCR, which will ensure A ^ 
Definition 1.4. Suppose TZ = {R, ©, <, 0) is a distance magma. 

1. A triple (r, s, t) G R^ is an 7^-triangle if r < s © t, s < r © t, and t < r (B s. 

2. Given SCR, let A{S,TZ) denote the set of 7^-triangles in S^. 

3. Given an 7^-metric space A = {A,dA), let A(.4.) denote the set of 7^-triangles of the form 
{dA{a, b),dA{b, c), dA{a, c)) for some a,b,c G A. 

4. Fix an 7^-metric space A and a subset SCR. We write A(.4.) c A{S,TZ) if, for all (r, s,t) G 
A(.4), 

(i) there is an (5,7^)-approximation of {r, s,t}, and 
(ii) N^{r,s,t) n A{S,TZ) A 0 foi' (S', 7^)-approximation of {r, s,t}. 

Remark 1.5. Fix a distance magma TZ, an 7^-metric space A, and SCR. 

1. Definition |1.4[ 4i) holds for all (r, s, t) G A(.4.) if and only if Dist(^) is contained in the convex 
closure of S' in 72. 

2. Dist(.4.) C 5 if and only if A(.4,) C A{S,TZ). 

3. If Dist(.4,) C S then A(.4.) c A{S,TZ). 
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Example 1.6. 

Let TZ = and fix a classical metric space A. Then A(^) c A(N, 7^) and A(^) c 

A(Q-°,7^). If Dist(^) C [0,1] then A(^) c A({0, f, • • •, 1},"^) for any n > 0. 

Proposition 1.7. Let TZ = (i?, ©,<,0) he a distance magma and fix an TZ-metric space A. If 
SQR and A(.4) c A{S,TZ), then A \= 

Proof. The axiom schemes (MSI) and (MS2) are immediate; and (MS4) follows by Definition 
[134*) • So it remains to verify axiom scheme (MS3). Fix r,s,t G S such that there is no x G 5 
with t < X < r © s. Suppose a,6, c G A, with A |= d{a,b) < r A d{b,c) < s. Let dA{a,b) = u, 
dA{b,c) = V, and dA{a,c) = w. Then we have u < r and v < s, and we want to show w < t. 
Suppose, toward a contradiction, that t < w. Using [I~4) (4i ), we may define an (S', 7^)-approximation 
‘h of {u,v,w} such that = r, <h+(x) = s, and 4>“(rc) = t. By |l.4K 4zi), there is some 

(r', s',t') G Nij,{u,v,w) n A{S,TZ). Then t < t' < r' Q) s' < r Q) s, which contradicts the choice of 
r, s,t £ S. □ 


Suppose 7^ is a distance magma and SCR, with 0 G S. The distance magma S* from 
Theorem will have the property that any S*-metric space satisfies and, moreover, any Cs- 
structure satisfying can be equipped with an S*-metric in a coherent and canonical way. In 
other words, axiomatizes the class of S*-metric spaces (see Proposition 3.2 for the precise 

statement). Once S* has been defined and analyzed, this result will follow quite easily. The work 
lies in the construction of S*, and the proof that S* is a distance magma. 


2 Construction of S* 


Throughout all of Sectionj^ we fix a distance magma TZ = (7?,©, <,0), and work with a 
fixed subset SCR, with 0 G S'. The goal of this section is to construct S* satisfying Theorem 
The essential idea is that we are defining a distance magma structure on the space of quantifier-free 
2-types consistent with This statement is made precise by Proposition 


2.7 


and Definition^ 


2.1 Construction of (S*, <*) 

The order {S*,<*) will be the smallest complete linear order containing (S, <), in which every 
non-maximal element of S has an immediate successor. In particular, {S*,<*) will depend only 
on (S, <), and not on the ambient distance magma TZ. We will show that S* is in bijective 
correspondence with the space of quantifier-free 2-types consistent with (see Proposition 2.7). 

Definition 2.1. 


1. A subset A C S' is a cut in S if it is closed upward and, if S has a maximal element s, then 
s G A. 

2. Define S* to be the set of cuts in S. Define <* on S* such that, given X,Y £ S*, X <* Y ii 
and only if T C X. 


The linear order (S*, <*) is a slight variation on the Dedekind-MacNeille completion of (S', <) 
Section 11]). For instance, we allow 0 to be a cut in S in the case that S has no maximal 
Moreover, the standard Dedekind-MacNeille completion only involves cuts which either 


(see 15 


element 

have no infimum in S or contain their inhmum. This motivates the following terminology. 
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Definition 2.2. Suppose X is a cut in S. Then X is a gap cut if it has no infimum in S'; X is a 
successor cut if inf X exists in S and inf X 0 X; and X is a principal cut if inf X exists in S 
and inf X G X. 

Note that X C S is a principal cut if and only if X = S-^ for some r £ S, and X is a successor 

cut if and only if X = S^'" for some non-maximal r £ S with no immediate successor in S. In 

particular, we identify S with the set of principal cuts (as a subset of S*) via the injective map 
r I—)■ S-'". We will also replace the elements of S*\S with new symbols suggestive of their behavior. 

Notation 2.3. For the rest of the paper, we use the following description of {S* , <*). We identify 
S* with 

S U {r"*" : r £ S, is a successor cut} U {gx : X C 5 is a gap cut}, 

where r"*" and gx are distinct new symbols not in S. Then is completely determined by 

(5, <) and the following rules (see Figure [2T| ): 

1. If is a successor cut then r <* <* s for all s £ 

2. If X C 5 is a gap cut then r <* gx <* s for all r £ S\X and s G X. 

r+ 9x 

-•*-<-► * <-► 

0 r '-^ 

X 

Figure 2.1: New elements of S* 


Note that S* has a maximal element, which occurs in one of two ways: 

(i) If S has a maximal element s, then this is also the maximal element of S*. 


(a) If S has no maximal element then 0 is a gap cut in S, and so 50 is the maximal element of 
5*. 


We will use ujs to denote the maximal element of S*. We can distinguish between the two cases 
above by declaring either ios £ S 01 us ^ S. 


Propositiou 2.4. is a complete linear order. 

Proof. This is a tedious exercise, which we leave to the reader. Using Notation 2.3, if Si = Sulr"*" : 
S^^ is a successor cut}, then (S*, <*) is the Dedekind-MacNeille completion of (Si, <*). □ 


In light of the last result, we may calculate infima and suprema in S*. By convention, when 
considering 0 as a subset of S*, we let inf0 = cos and sup0 = 0. We will work with the order 
topology on S* given by sub-basic open intervals of the form [0, a) or (a,a; 5 ] for some a £ S*. 

Proposition 2.5. 

(a) For all a,l3£ S*, if a <* (3 then there is some t £ S such that a <* t <* (3. 

(b) If X <£ S* is nonempty and inf X £ S, then inf X G X. 

Proof. Part (a). Fix a, f3 £ S* with a <* j3. We may clearly assume a ^ S. We consider the case 
that a = for some successor cut S^'". The case when a = gx for some gap cut X C S is similar 
and left to the reader. If /3 = s G S or /3 = s"*" for some s £ S, then r < s and so, by assumption on 
r, there is some t £ S such that r < t < s. On the other hand, f3 = gx for some gap cut X C S, 
then r 0 X and so there is t 0 X, with r < t. In any case, a <* t <* j3. 

Part (6). This follows from the fact that any non-maximal r £ S has an immediate successor 
in S*, namely either r"*" or an immediate successor in S. □ 







Part (a) of the previous result will be used frequently throughout the entirety of the paper. 
Therefore, for smoother exposition, we will say by density of S when using this fact. 

Finally, we connect {S* ,<*) back to the first-order setting. 

Definition 2.6. Given a € S*, define the set of Ts-formulas 


Pa{x, y) = {d{x, y) < s : s ^ S, a <* s} U {d{x, y) > s : s ^ S, s <* a}. 


Proposition 2. 7. Let (T-) denote the space of complete quantifier-free Cg-types p{x,y) in 
two variables, such that p{x,y)UT^f^ is consistent. Then the map a i—)• pa{x,y) is a bijection from 
S* to Sf 


/rpms \ 
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Proof. We first show that the map is well-defined. Fix a G 5*, and let S = Pa{x, y) U If S is 

consistent then, by axiom schemes (MSI) and (MS2), pa{x,y) uniquely determines an element of 
So it suffices to show S is consistent. If a = 0 then the 7?.-metric space with one element 
satisfies S. Assume a 7 ^ 0. Define an / 25 -structure A = {a, 6} such that, given s £ S, d{x, y) < s is 
symmetric, reflexive, and holds on (a, h) if and only if a <* s. Note that if A |= then A |= S. 

So we show A |= Axioms (MSI), (MS2), and (MS4) are clear. For (MSS), fix r, s,t £ S such 

that there is no x G S' with t < x < r £) s. In particular, max{r, s} < t. Fix x,y,z £ A such that 
A 1= d{x, y) < r A d{y, z) < s. If x = z then A ^ d(x, z) < t. If x z then either y = x or y = z. 
Since max{r, s} < t, we have A |= d(x, z) < t in either case. 

For injectivity, fix a, /3 G S*, with a <* (5. By density of 5, there is s G 5 such that a <* s <* (3. 

Then pa{x,y) contains d{x,y) < s and Pji{x,y) contains d{x,y) > s. 

Finally, we show surjectivity. Given p{x,y) £ let X{p) be the set of s G S such that 

p contains d{x,y) < s. By axiom schemes (MSI) and (MS2), p is completely determined by X{p). 
So it suffices to fix p{x, y) £ and show there is some a G S* with X{p) = X{pa). Let 


X = X{p), and note that A is a cut by Remark 1.2 and axiom (MS4). If A = S- for some r £ S 


then A = A(pr); if A is a successor cut of the form then A = X{p^+); and if A is a gap cut 
then A = A {pg ^). □ 


2.2 Construction of ©J 

The definition of is motivated by the trivial observation that, given r,s £ R, 

r © s = sup{t £ R : (r, s, t) is an 7^-triangle}. 

Given a, (3 £ S*, we define a ©5 (3 in an analogous way. 

Definition 2.8. 

1. Fix a, /3 £ S*. 

(a) Given 7 G S'*, the triple {a,l3,'y) is a logical S*-triangle if 

Lsv^Up„(x,y) Up^(y,z) iJp-f{x,z) 

is consistent. 

(b) Define T,{a,l3) = {7 G S* : (a,/ 3 , 7 ) is a logical S*-triangle}. 

(c) Define a ©J (3 = sup S(a, /3). 

2 . Let S* denote the £om-structnre (S*,© 5 , <*,0). 


9 



To prove that S* is a distance magma, we will need a more explicit expression for ©^. We start 
with some basic properties of logical S'*-triangles. 

Notation 2.9. The notions formulated in Definition 1 1. 3| only require the linear order [R, <, 0), and 
thus remain sensible with S* in place of TZ. We say S'-approximation to mean (S U 
approximation, and we let Int*(S') denote Int(S' U 

Remark 2.10. In the next few proofs, we will tacitly use the following observations. Suppose 
is an S'-approximation of X C S* and a ^ X. 

1. G S U {ws}, and if a / 0 then G S. 

2 . $(a)nS/0. 

This is clear if G S. Otherwise = los 0 S, in which case S has no maximal 

element and so d>(a) contains S^^ 7 ^ 0 . 

Proposition 2.11. 

(a) Given a, (3,^ G S*, 7 G T,{a,P) if and only if N,^{a, 13,'y) n A{S,TZ) / 0 for every S- 
approximation <I) of {a, /?, 7}. 

(5) If a, 13 G S* then max{a, /?} G S(a, /3), and so max{a, /3} <* a ©J f3. 

Proof. Part (a). The reverse direction follows by compactness and Proposition |1.7[ For the forward 
direction, let $ be an S-approximation of {a,/3, 7}. We may assume a <* j3 <* 7. 

Suppose first that /3 = cos (which means 7 = ws as well). Choose r G <^(0) n S. We may hnd 

s G n S, with r < s (if a ;5 G S then let s = cos] and if 0 S then choose any s G ‘h(ws) H S 

with r < s). Then (r, s, s) G N^{a, (3, 7) 0 A(S, TZ). 

Now suppose f3 <* 003 . We claim that there are r, s G S such that a <* r <* <I>+(q:), (3 <* s <* 

<h+(/3), and r < s <* $^( 7 ). Indeed, since (3 <* cos, we may use density of 5 to fix u G 5 such 

that f3 <* u. Now let s = min{u, <I>+(,0), d>+( 7 )} and r = min{s, <h+(a)}. 

Since <h~( 7 ) <* 7 , a <* r, f3 <* s, and {a,j3,^) is a logical 5*-triangle, it follows from axiom 
scheme (MS3) that there is some t € S with d>“( 7 ) < t < r(Bs. After replacing t by min{t, $'*■( 7 )}, 
we may assume t G ‘^(y). We may also assume s <t {iit < s then s G <^(7) H S, and so we replace 
t with s). Then (r, s, t) G N^{a, (3, 7 ) n A(5, TZ). 

Part ( 6 ). Fix a,l3 £ S*, with a <* (3. We use part (a) to show /3 G E(a,fi). Let <I> be an S'- 
approximation of {a, /3}. By density of S we may assume that if ‘h+(/3) 0 S then (3 = cos ^ S. After 
replacing <!>■’■(«) with min{<h'*'(a), $+(/3)}, we may assume $"’■( 0 ;) <* <h'’'(/3). Choose r,s € S as 
follows. If $'''(/3) G S then let r = <l>+(a) and s = <h+(/3). Otherwise, (3 = cos ^ S and we choose r G 
<I>(a)n5 arbitrarily and s G <I>(/3)nS' with r < s. In either case, (r, s, s) G N<^{a, (3, 7 )nA( 5 , TZ). □ 

The next result gives explicit expressions for ©g. 

Lemma 2.12. 

(a) If a, (3 G S* then 

a (B*s f3 = inf{sup{x G S' : x < r © s} : r, s G S, a <* r, /3 <* s}. 

(6) If r,s G S then r ©^ s = sup{x G S : x < r (B s}. 

(c) If a, (3 G S* then a ©g /3 = inf{r ©J s : r, s G S, a <* r, (3 <* s}. 
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{d) If r, s,r (B s £ S then r i 


s = r < 


s. 


Proof. Part (a). For r,s £ S, let X{r,s) = {x £ S : x < r (B s}. Fix a,(l£ S*, and let 
7 = inf{supX(r, s) : r,s £ S, a <* r, jd <* s}. We first show a ©J {3 <* 7. Suppose not. Then 
there are r,s £ S, with a <* r, f3 <* s, and supX(r, s) <* a ©J 13. By density of S, we may fix 
t £ S with supX(r, s) <* t <* a ©^ (3, and then, by definition of a ©^ /3, fix <5 G S(a,/3) with 
t <* 6. Let be an 5-approximation of {a, /3,5} such that = r, ‘h+(/3) = s, and = t. 

Since 6 £ 'E,{a,l3), we may use Proposition 2.11[ a) to fix {u,v,w) £ N^{a, (3,^) n A(5,7^). Then 
w<uS)v<rS)s, and so w <* supX(r, s) <* t = which is a contradiction. 

To finish the proof, we show 7 G Ti{a,l3). By Proposition 2.11[ 6), we may assume (3 <* 7 . 
Without loss of generality, we also assume a <* (3. Let be an 5-approximation of {a,/ 3 , 7 }. We 
want to show N^{a, j3,j) n A{S,TZ) 7 ^ 0. We claim that there are r, s G 5 such that a <* r <* 
<h+(a), 13 <* s <* <h^(/3) and r < s <* 7 . Indeed, since (3 <* 7 we may use density of 5 to fix 
u £ S with fd <* u <* 7 , and we then let s = min{u, <h'''(/3)} and r = min{s, $+(«)}. 

If <^+( 7 ) <* supX(r, s) then (r, s,<h+( 7 )) G A$(q;,/?, 7 ) n A(5,7^). So suppose sup X(r,s) <* 
<^+( 7 ). We have max{s, $“( 7 )} <* 7 <* sup A(r,s), and so there is some t £ X{r,s) such that 
max{s, $“( 7 )} < t. Then t <* supA(r, s) <* ^^+( 7 ) and so, altogether, (r, s,t) G N<s,{a, (3,'y) n 
A(5,7^). 

Part (b) follows easily from part (a). Part (c) combines parts (a) and ( 6 ). Part (d) is immediate 
from part (b). □ 

We can now prove the main goal. 

Theorem 2.13. Suppose TZ = (7?,©, <,0) is a distance magma and fix S C R, with 0 G 5. Then 
S* = (5*,©5,<*,0) is a distance magma. 

Proof. By construction, (5*, <*, 0) is a linear order with least element 0, and ©J is clearly commu¬ 
tative. By Propositions |2.7| and 2.11[ fe), 0 is the identity element of S*. Finally, fix a, (3,^,6 £ S*, 
with a <* 7 and fd <* <5. By the explicit expression for ©^ in Lemma 2.12|^c), we have a ©J /3 <” 


7< 


□ 


The following consequence of the previous work will be useful later on. 


Proposition 2.14. Suppose TZ = (7?,©, <,0) is a distance magma and SCR, with 0 G 5. Then 
S* -triangles coincide with logical S*-triangles. 

Proof. Any logical 5*-triangle is an 5*-triangle by definition of ©g. Conversely, suppose (a, /3, 7 ) is 
an 5*-triangle. Without loss of generality, we assume a <* jd <* 7 . By the proof of Lemma 2.12[ a), 
we may also assume 7 <* a ©^ (3, and so there is <5 G S(a,/3) with 7 <* 6. We use Proposition 
2.11[ a) to show {a,j3,'y) is a logical 5*-triangle. Fix an 5-approximation $ of {a,(3,'y}. We 
want to show N^{a, /3,'y) n A(5,7^) 0. Without loss of generality, we may replace <h+(a) by 

min{<h+(a), <I>+( 7 )}, and <h“'"(/3) by min{<I>+(/3), and thus assume <h+(Q!) <* ‘h'*’( 7 ) and 

$+(^) <* $+(^). 

Since <5 G S(q;,/7) and <^“( 7 ) <* 7 <* 6, we may use Proposition 2.1l[ a) to find (r,s,u) £ 
A{S,TZ) such that r G 4’(a), s £ 4’(/3), and <h“( 7 ) < u. Note that max{r, s} < <^+( 7 ). Let 
t = min{<I>+( 7 ), u}. Then (r, s,t) G A$(a,/ 3 , 7 ) n A(5,7^). □ 

We will eventually be interested in associative distance magmas (i.e. distance monoids). When 


that time comes, it will be helpful to know that in order to check associativity of ^ 
just consider elements of 5. 


^ 5 ’ 


it suffices to 
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Proposition 2.15. Suppose TZ is a distance magma and SCR, with 0 £ S. If r (s ©J t) = 
(r ©^ s) ©^ t for all r,s,t £ S, then ©^ is associative on S*. 


Proof. To show ©^ is associative on S'* it suffices, by commutativity of (B*g, to fix a, £ S* and 


show (a ©^ / 3 ) ©5 7 <* a ©^ (/? ©^ 7). To show this inequality it suffices by Lemma 2.12[ c) to fix 
r,u £ S, with a <* r and /3 ©^ 7 <* u, and show {a ©^ /3) ©^ 7 <* r ©^ u. So fix such r,u £ S. 
We claim that, since /3 ©^ 7 <* u, there are s,t £ S such that P <* s, ^ <* t and s ©^ t <* u. 


Indeed, if ft ©^ 7 <* tt then this is immediate from Lemma 2.12[ c); and if ft ©^ 7 = u then, as 
u £ S, we obtain the desired s,t £ S by Lemma 2.12[ c) combined with Proposition |2.5[ 6). Now we 
have 


(a ©s /3) ©5 7 <* (r ©5 s) ©s t = r ©5 (s ©5 t) <* r ©5 u. 


□ 


Remark 2.16. Given a distance magma TZ and a subset S C R, we can now treat S as a subset 
of the distance magma S*, and define the / 15 -theory T™ 5 * using Definition 11.ll So it is worth 
observing that T™ 5 * = In particular, (MSI), (MS2), and (MS4) are clearly the same in each 

case. Given r,s,t £ S, it follows from Lemma |2.12| that there is an x G S' with t<x<r©sif and 
only if there is an x G 5 such that t < x <* r ©^ s. So (MSS) is also the same in each case. 


3 First-Order Theories of Metric Spaces 


In this section, we collect the previous results and prove Theorem [X| We first show that can 
be thought of as a collection of axioms for the class of 5*-metric spaces (as a subclass of 5*-colored 
spaces). 

Definition 3.1. Suppose 7^ is a distance magma and SCR, with 0 G S'. Let A be an arbitrary 
/ 15 -structure. Then A is S*-colorable if, for all a,b £ A, there is a (unique) a = a{a, b) £ S* such 
that A 1= Pa(a, b). In this case, we define Ia ■ A x A — )> S* such that dA{a, b) = a(a, b). 

Proposition 3.2. Suppose TZ is a distance magma and SCR, with 0 G S. 


(a) Let A be an Cs-structure. If A |= then A is S*-colorable. 

(5) Let A = {A, Ia) be an S*-colored space. Then A |= if and only if A is an S*-metric space. 


Proof. Part (a). By Proposition 2.7 


Part (b). If A 1= then A is an S*-metric space by axioms schemes (MSI) and (MS 2 ), and 
the definition of © 5 . Gonversely, suppose A is an 5*-metric space. Let = S U {^ 5 }. Note that 
A(5,S*) C A{Scj,S*) and, by Lemma 2 . 12 [ 6 ), A(S,5*) = A{S,TZ). Combined with Propositions 
we conclude A{A) c A{Suj,S*), and so A |= by Proposition 


2.11 o) and 
to see that 1 


2.14 


C PS 


S,S* - ^Su,,S* 


and so, by Remark 


2.16 


A I— Tms 


1.7 


It is easy 

□ 


We can now state and prove an updated version of Theorem |X| 


Theorem 3.3. Let TZ be a distance magma and fix S C R, with 0 G 5. There is an Corn-structure 
S* = (5*,©^, <*,0) satisfying the following properties. 

(a) S* is a distance magma. 


( 6 ) (5*,<*) is an extension of {S,<), and S is dense in S* (with respect to the order topology). 


(c) For all r,s £ S, if r ® s £ S then r ©J s = r © s. 


12 





















{d) Suppose A is an IZ-metric space, with A(^) c A{S,TZ). If M |= Th£g(^), then M is S*- 
colorable and {M,dM) is an S*-metric space. 

Proof. Parts (a), ( 6 ), and (c) follow from Theorem 2.13, Proposition |2.5[ a), and Lemma 2.12[ (j), 
respectively. For part (d) , we have C Th^ (^) by Proposition 
from Proposition |3.2[ 


1.7 


and so the statements follow 

□ 

Much of the previous work relied on approximating 5*-triangles with triangles in A(S,IZ). We 
now extend this notion of approximation to larger 5*-colored spaces. 

Definition 3.4. Let 77 be a distance magma and fix S' C 77, with 0 G S. An S*-colored space 
{A, d^) is approximately (S, 77)-metric if, for all finite Aq ^ A and all S-approximations 4> of 
Dist(Ao, there is an 77-metric d$ on Aq such that d$(a, b) G ^{dA{a, b)) n S for all a, 6 G Aq. 

Proposition 3.5. Let IZ be a distance magma and fix S C R, with 0 G S. Suppose A = {A, dA) is 
an S*-colored space. If A is approximately {S,IZ)-metric then A is an S*-metric space. 


Proof. Suppose A is approximately (S, 77)-metric. By compactness and Proposition 1.7 A is an 
T^-substructure of some model of which is an S*-metric space by Proposition 

is an S*-metric space. 


3.2 


[b). So A 
□ 


Regarding the converse of this fact, we have shown that S*-metric spaces, with at most three 
points, are approximately (S, 77)-metric (combine Propositions 2.11[ a) and 2.14). For larger 5*- 
metric spaces, this can fail. 


Example 3.6. Let 77 = <, 0) and S = [0, 2) U [3, oo). By Lemma[2.12| we have 1 -t -5 3 = 4 


and 1 -\-*g 1 = 3. Define the 5*-metric space A, where A = {w,x,y,z}, dA{w,x) = dA{x,z) = 
dA{w,y) = 1, dA{x,y) = dA{w),z) = 3, and dA{y,z) = 4. Then the 5-approximation of Dist(A), 
given by < 1 )( 1 ) = ( 0 , 1 ], <^(3) = (0,3], and <^(4) = (3,4], witnesses that A is not approximately 
(5,77)-metric. 

In the next section, we will isolate a natural assumption on 5 under which the converse of 
Proposition |3.5| holds. 


4 Completeness Properties for Distance Sets 

Until this point, we have made no assumptions on the set of distances 5 in a distance magma 77, 
other than 0 G 5. In this section, we formulate certain properties of distance sets which allow for 
suitable analogs of “addition of distances” and “absolute value of the difference between distances”. 

4.1 Sum-completeness 

Definition 4.1. Let 77 be a distance magma. A subset 5 C 77 is sum-complete in 77 if 0 G 5 
and, for all r, s G 5, the set {x G 5 : x < r © s} contains a maximal element. In this case, we define 
r ©5 s = max{x G 5 : x < r © s} and we let S denote the £om-structure (5, © 5 , <, 0). 

We omit the clause “in 77” when the ambient distance magma is clear from context. Note that 
the consideration of sum-complete subsets of 77 generalizes Example |0.4[ 3). The canonical examples 
of sum-complete subsets of 77 are sets which contain 0 and are closed under ©. For example, 77 
itself is always sum-complete in 77. Any finite subset of 77 containing 0 is sum-complete. If the 
ordering on 77 is complete then any closed subset of 77 containing 0 is sum-complete. The main 
property of sum-complete sets is that they admit a distance magma structure. 
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Proposition 4.2. Given a distance magma TZ, S C R is sum-complete if and only if 0 € S and, 
for all r,s G S, r ©J s G S and r ©J s < r © s. In this case, r ©^ s = r ©5 s for all r,s G S, and S 
is a distance magma. 


Proof. This follows easily from Lemma 2.12[b). 


□ 


We also note the following corollary of Proposition 2.15, which will be helpful when we eventually 
focus on distance monoids. 


Corollary 4.3. Suppose IZ is a distance magma and S C R is sum-complete. Then S* is a distance 
monoid if and only if S is a distance monoid. 

Remark 4.4. Suppose 7^ is a distance magma and S' C R is sum-complete. 


1. Note that we may construct S* while viewing S as a subset of the distance magma S. Using 
Notation 2.3 Lemma 2.12, and Proposition |4.2[ it is straightforward to verify that the result¬ 
ing distance magma S* does not depend on this choice of context. Note also that an S*-metric 
space is approximately (S, 7?.)-metric if and only if it is approximately (S, S)-metric. 


2. By Theorem |3.3[ 6) and Proposition 4.2, we may consider S as an Tom-substructure of S*. 
However, S is usually not an elementary substructure. In fact, one may show that 5 © 5* if 
and only if S is well-ordered with a maximal element, in which case S = S*. 


The goal of this subsection is the converse of Proposition |3.5| for sum-complete sets. We first 
define certain well-behaved S'-approximations. 


Definition 4.5. Let 7^ be a distance magma. Assume 5 C 7? is sum-complete and fix X <G S*. 

1. X is 5-bounded if for all a G X there is s G 5* with a <* s (i.e. if cjs G 5 or ujs 0 X). 

2. Suppose X is S'-bounded and is an S'-approximation of X. Then is metric if <h^(X) C S 
and, for all a,j3,'yG X, if a <* ft ©^ 7 then <1>+(q;) < <h+(/3) ©5 4>+(7). 

3. If and T are S'-approximations of X then refines T if 4>(a) C 4 '(q;) for all a G X. 

We now give the main results concerning sum-complete sets. 


Lemma 4.6. Let IZ he a distance magma and fix a sum-complete subset S C 7?. Suppose X C S* 
is finite and S-bounded. For any S-approximation 'If of X there is a metric S-approximation of 
X, which refines T. 

Proof. For convenience, assume 0 G X. Let X = {ao, ai, ..., an}, with 0 = no <* <* • • ■ <* «n- 

Fix an S-approximation T of X. Since X is S-bounded, we may assume 'I''*“(X) C S. By density 
of S, we may also assume <* a^+i for all 1 < A: < n. Given 1 < A: < n, define 


Jk = {(b j) : 1 < b J < A:, Ofc <* ai ©^ aj}. 
We inductively define so, si, ■ ■ • , Sn G S such that 

(1) Oik <* Sk < for all 1 < A; < n; 

(2) for all 1 < A; < n, if {i,j) G Jk then Sk < Si ©5 Sj. 
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Let so = 0. Fixl<A:<re and suppose we have defined Si for all 1 < i < /c. Define 


Sk = min({^'+(aA:)} U {s* ©5 Sj : {i,j) G J^}). 

Then (2) is satisfied. For (1), we have Sk < so it remains to show ak <* Sk- Given 


(i, j) G Jfc, we have, by induction, Ok <* cti ©J aj <* Si ©J Sj = Si ©5 sj. 

Define : X — > Int*(S') such that <h(0) = {0} and, for k > 0, <h(afc) = (ak), Sk]- Then, 

by (1), is an 5-approximation of X, which refines T. So it remains to show ‘h is metric. Fix 
ai,aj,ak G X such that ak <* ai®saj. We want to show Sk < SiQsSj- Since (si)f=o increasing 
by construction, we may assume i,j < k. Then (i, j) G Jk, and so Sk < Si ©5 Sj by (3). □ 

Theorem 4.7. Let TZ be a distance magma and fix a sum-complete subset SCR. Suppose A = 
(AAa) is an S*-colored space. Then A is an S*-metric space if and only if A is approximately 
(5, TZ)-metric. 


Proof. We have the reverse direction by Proposition |3.5[ For the forward direction, assume A is an 
5*-metric space. Fix a finite subset Aq C A and an 5-approximation $ of Dist(^O) We want 
to find an 7^-metric : Aq x Aq —)• 5 such that, for all G Aq, d^{x,y) G y)). 

Suppose first that Dist(Ao) is not 5-bounded. Then we may fix f G 5, with <h“(a; 5 ) < t 
and a <* t for all a G Dist(^O) and define : Aq x Aq —)• S* such that 


dA{x,y) = 


dAix,y) if dAix,y) <* ujs 
t otherwise. 


Then d\ is an 5*-metric on Aq, Dist(^O)'^A) i® 5-bounded, and <1> is still an 5-approximation of 
Dist(^O) Therefore, without loss of generality, we assume Dist(^O)^^A) is 5-bounded. 


By Lemma 4.6, there is a metric 5-approximation $0 of Dist(^ 0 ;du), which refines ‘h. Define 
d^ : Aq X Aq —)> 5 such that d^{x,y) = <l>(t(dyi(x, y)). □ 


4.2 Difference-completness 

We now define a property of distance magmas TZ, under which we can define a generalized notion 
of “absolute value of the difference between two distances”. 

Definition 4.8. A distance magma TZ is difference-complete if, for all r,s € R, the set {x € R : 
r < s (B X and s < r © x} contains a minimal element. In this case we set |r © s| = min{x G R : 
r < s © X and s < r © x}. 

The next proposition shows that this generalized difference operation behaves like the usual 
absolute value operation in many ways. 

Proposition 4.9. Suppose TZ is a difference-complete distance magma. 

(a) For all r,sGR, if s < r then |r © s| = inf{x G R : r < s ® x}. 

(b) For all r,s,t G R, |r © s| < t if and only if r < s G)t and s < r (Bt. 

(c) For all r,s G R, [r- © s| < max{r, s} < r © s. 

(d) For all r,s G R, |r © s| = |s © r|, and \r Q ,s\ = 0 if and only if r = s. 

(e) Define d : R x R —)• R such that d{r, s) = |r © s|. Then d is an TZ-metric on R if and only if 

© is associative. 
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Proof. Parts (a) through (d) follow trivially from the dehnitions. We leave part (e) as an exercise. 

□ 


Remark 4.10. A consequence of part ( 6 ) is that if TZ is difference-complete then, for any r € R, 
the function / : x i—)■ x © r is upper semi-continuous: for all xq £ R and s > /(xq), there is t > xq 
such that /(x) < s for all x < t (simply take t = \r Q s|). 

The main result of this section is that the distance magma S* is always difference-complete. 

Theorem 4.11. Suppose TZ is a distance magma and S Q R, with 0 £ S. Then S* is a difference- 
eomplete distance magma. 

Proof. Fix a,(3 £ S* and let 7 = inf{x £ S* : a <* (3 ©J x and (3 <* a ©^ x}. We want to show 
a <* j3 (B*s 7 and j3 <* a ©J 7 . If 7 G 5 then we have the result by Proposition [2^6). So assume 
7 0 5. Without loss of generality, we may assume f3 <* ol. So we just need to show a <* / 3 ©g 7 . If 
(3 ©g j <* a then by Lemma 2T^c), there are s,t £ S such that fi <* s, j <* t, and s ©J t <* a. 
Then f3 ©^ t <* a and so t <* 7 by definition of 7 . But then 7 = t G 5, which contradicts our 
assumptions. □ 

For clarity, we repeat the generalized difference operation on S*. 

Definition 4.12. Fix a distance magma TZ and S T R, with 0 G 5. Given a,l3 £ S*, dehne 

|a Q*s /3\ := inf{x £ S* : a <* j3 ©^ x and (3 <* a ©^ x}. 

Recall that a©g/3 is the largest possible distance in a logical 5*-triangle containing distances a 
and 13. Combining Theorem 4.11 with Proposition 2.14, we see that |a©J/3| is the smallest possible 
distance. 

Corollary 4.13. Suppose TZ is a distanee magma and SCR, with 0 G 5. Given a,j3 £ S*, we 
have S(a, /?) = {7 G 5* : \a ©^ j3\ <* 7 <* a ©5 (3}, and so \a Q*g j3\ = inf S(a, j3). 


5 Associativity, Amalgamation, and the Four-Values Condition 

We have now laid the foundation for the model theoretic study of generalized metric spaces, and 
the next task is to hnd concrete spaces to study. A natural choice is to consider “generic objects”, 
in the sense of homogeneous structures and Frai’sse limits. In particular, our motivating example 
is the rational Urysohn spaee, i.e. the unique countable, universal, and ultrahomogeneous metric 
space with rational distances. In Im, generalizations of this space are obtained by replacing 
with other countable subsets 5 C The sets 5 for which an analogous metric space exists are 


characterized in 11 by a property called the four-values condition. 


We hrst generalize the four-values condition to arbitrary distance magmas. Our treatment 
closely follows [11] . In particular, Proposition 5.3 which is the main result of this section, is 
a direct generalization of Section 1.3]. Throughout the section, we fix a distance magma 
TZ = [R, ©, ©, 0). 

Definition 5.1. A subset SCR satishes the four-values condition in TZ if for all ui, U 2 , vi,V 2 £ 
5, if there is some s £ S such that {s,ui,U 2 ) and (s,ui,U 2 ) are 7^-triangles, then there is some 
t £ S such that (t, ui,ui) and (t,U 2 ,V 2 ) are 7^-triangles. 
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Figure 5.1: the four-values condition 


The four-values condition describes the amalgamation of two 3-point metric spaces over a com- 
2-point subspace (Figure [5 .ll ). In Proposition [5^ we show that this instance of amalgamation 
is enough to obtain amalgamation for any two finite 7?,-metric spaces with distances in S. 


mon 


Definition 5.2. Given S C R, with 0 G S', let denote the class of finite 7^-metric spaces with 
distances in S. Let ICji denote IC^. 

Given a distance magma TZ and a subset S C i?, with 0 G S, we use our original interpretation 
of 7^-metric spaces as T^-structures to view as a class of relational structures amenable to 
classical Fra'isse theory (see Chapter 7]). In particular, it is straightforward to see that the 
class always satisfies the hereditary property and the joint embedding property. Therefore, our 
focus is on the amalgamation property. 

The next result uses the four-values condition to characterize the amalgamation property for 
/C^. This result is a direct generalization of 11, Proposition 1.6]. The proof is the same as what can 
be found in [^, modulo adjustments made to account for the possibility that TZ is not difference- 
complete. We include the steps requiring these adjustments, and refer the reader to 11 for the 
remaining details. 

Proposition 5.3. Fix SCR, with 0 G 5. Then has the (disjoint) amalgamation property if 
and only if S satisfies the four-values condition in TZ. 

Proof. If has the amalgamation property then the proof that S satisfies the four-values condition 
in TZ follows exactly as in (m Proposition 1.6]. The essential idea is to consider Figure [KT| For 
the converse, we assume S satisfies the four-values condition in TZ, and prove that has the 
disjoint amalgamation property. Fix [Xi,di) and {X 2 ,d 2 ) in such that di\xinX 2 = d 2 \xinX 2 
and Xi n X 2 0. We may assume Xi ^ X 2 and X 2 Xi. Let m = j(Xi\X 2 ) U (X 2 \Xi)j and set 
X = Xi U X 2 . Then m > 2 by our assumptions, and we proceed by induction on m. 

Suppose m = 2. Let Xi\X 2 = {^i} and X 2 \Xi = {X 2 }. Given t G S, let dt : X x X —S be 
such that dt\xi — di, dt\x 2 — ^ 2 , and dt{xi,X 2 ) = t. Then dt is an 7^-metric on X if and only if 


t > 0 and {t, di{xi,x),d2{x2, x)) is an 7^-triangle for all x G XiC X2. 

Therefore, it suffices to find t G S satisfying (f). 

Fix y G XiC X2 such that 


(t) 


di{xi,y) ® d 2 {x 2 ,y) = min {di{xi,x) ® d 2 {x 2 ,x)). 

x&Xxr\X2 
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Given r, s G R, let D{r, s) = {x G R : r < s G) x and s < r © x}. Note that D{r, s) is closed upward 
in R for any r,s G R. Therefore we may fix y' G Xi n X2 such that 

D{di{xi,y'),d2{x2,y')) = Q D{di{xi,x),d2ix2,x)). 

x£XinX2 


Then {di{y,y'),di{xi,y),di{xi,y')) and {d 2 {y,y'),d 2 {x 2 ,y),d 2 {x 2 ,y')) are 7^-triangles in S. Since 
di{y,y') = d2{y,y') and S satisfies the four-values condition in TZ, there is some t G S such that 
{t, di{xi, y), d2{x2, y)) and {t, di{xi,y'), d2{x2,y')) are 7^-triangles. If f = 0 then, after replacing t 
with min{(ii(xi, y), y')}, we may assume f > 0. Since {t,di{xi,y),d 2 {x 2 ,y)) is an 7?,-triangle, 

we have 

t < di{xi,y) ® d 2 {x 2 ,y) = min (di(xi,x) ® d 2 (x 2 ,x)). 

xeXinX2 


Therefore, to show that t satisfies (f), it remains to show that for all x G Xi n X 2 , we have 
di{xi,x) < d 2 {x 2 , x)(Bt and d 2 {x 2 ,x) < di{xi, x)G)t. Since {t, di(xi, y'), d 2 {x 2 ,y')) is an 7?,-triangle, 
we have t G D{di{xi,y'),d 2 {x 2 ,y'))- Therefore, by choice of y', we have t G D{di{xi, x), d 2 {x 2 , x)) 
for all X G Xi 0 X 2 , which yields the desired inequalities. This completes the base case m = 2. The 
induction step proceeds exactly as in 11, Proposition 1.6]. □ 


Using the previous characterization, we proceed as follows. Fix a distance magma TZ and a 
subset 5* C i?, with 0 G 5. In order to apply classical Fraisse theory, we assume S is countable, 
which means is a countable (up to isomorphism) class of T^-structures. If we also assume S 
satisfies the four-values condition in TZ then, altogether, is a Fraisse class and so we may define 
the Fraisse limit (see |13[ Theorem 7.1.2]). 

Definition 5.4. Given a distance magma TZ and a countable subset S Q R, such that 0 G S' and S 
satisfies the four-values condition in TZ, let denote the Fraisse limit of /C^. Let Uti denote U^. 

We now obtain a countable Ts-structure and it is clear that |= By Proposition 


7?,-metric space with Dist(Z//.^) = S. Altogether, given a distance magma TZ and a countable subset 
S ’G R, such that 0 G S and S satisfies the four-values condition in TZ, we call U-^ the 7^-Urysohn 
space over S. 

We summarize with the following combinatorial description of U^. 


3.2 


is an S* 


-metric space. However, since the age of is precisely /C^, it follows that is an 


Theorem 5.5. Fix a distance magma TZ and a countable set S G R, with 0 G S. 

(а) If S satisfies the four-values condition in TZ thenU^ is the unique (up to isometry) TZ-metric 
space satisfying the following properties: 

(i) is countable and Dist(Z^.^) = S; 

(ii) (ultrahomogeneity) any isometry between two finite subspaces of extends to a total 
isometry ofU^; 

{Hi) (universality) any element of JC^ is isometric to a subspace ofU^. 

(б) Suppose there is a countable, ultrahomogeneous TZ-metric space A, such that Dist(A) = S and 
A is universal for JC^. Then S satisfies the four-values condition in TZ and so A is isometric 
to U^. 


Remark 5.6. 
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1. Consider the distance monoid Q = (Q-^, +, <, 0). Then ZYg is precisely the classical rational 
Urysohn space, which is an important example in model theory, descriptive set theory, Ramsey 
theory, and topological dynamics of isometry groups. The completion of the rational Urysohn 
space is called the Urysohn space, and is the universal separable metric space. Both spaces 
were first constructed by Urysohn in 1925 (see 
found in fl^. 


28 , 1^). Further details and results can be 


2. In Proposition 5.3 there is no restriction on the cardinality of S. However, in order to 
apply classical Fraisse theory and construct a countable space U^, we must assume S is 
Sauer considers arbitrary subsets S C and, combining the four- 
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countable. In 

values condition with certain topological properties, characterizes the existence of a universal 
separable complete metric space with distances in S (e.g. if S' = then this produces the 
Urysohn space). 

Note that if S C R is countable and sum-complete then ICs = and Us = U^. In this 
case, we have the following nice characterization of when Us exists. This result was first shown for 
(topologically) closed subsets of (M-°,0) by Sauer in 24, Theorem 5], and the following is, 
once again, a direct generalization. 

Proposition 5.7. Suppose S C R is sum-complete. Then S satisfies the four-values condition in 
TZ if and only if ©5 is associative on S. 


Proof. Suppose S satisfies the four-values condition in TZ, and fix r,s,t € S. Since ©s is commuta¬ 
tive, it suffices to show (r ©s s) ©5 t < r ©5 (s ©s t). Let u = {r ©5 s) ©5 t. Then (r ©5 s, r, s) and 
(r ©5 s, u, t) are both 7^-triangles. By the four-values condition, there is u G S' such that {v, r, u) 
and {v, s,t) are 7^-triangles. Therefore u < r ©g v < r ©5 (s ©5 t), as desired. 

Conversely, assume ©5 is associative on S. Fix ui,U 2 ,vi,V 2 , s G S such that {s,ui,U 2 ) and 
{s,vi,V2) are 7?.-triangles. Without loss of generality, assume ui © ui < U2 © V2. Let t = ui ©5 ui. 
Then {t,ui,vi) is clearly an 7^-triangle, so it suffices to show that {t,U2,V2) is an 7^-triangle. We 
have t < Ml © ui < M 2 © M 2 by assumption, so it remains to show M 2 < M 2 © t and M 2 < M 2 © t. 
Note that s < U 2 ©s mi and V 2 < s ©5 mi since (s, mi, M 2 ) and (s, mi, M 2 ) are 7^-triangles. Therefore 
V 2 < s ©5 Ml < (m 2 ©s Ml) ©5 Ml = U 2 ©5 (mi ©5 Ml) < M 2 © t. The argument for M 2 < M 2 © t is 
similar. □ 


In particular, this says that if 7^ is a distance magma, then R satisfies the four-values condition 
in TZ if and only if 7?, is a distance monoid. By Corollary 4.3 and Proposition 5.7 we also obtain 
the following corollary. 


Corollary 5.8. If S U R is sum-complete and satisfies the four-values condition in TZ, then S* is 
a distance monoid. 


Example 5.9. We show that, in the previous corollary, the sum-completeness of S is necessary. 
Let TZ = (M-°,+,<,0) and S = [0,2) U (4, 00). Note that S is not sum-complete, witnessed by 
{x G S' : X < 1 © 1}. The reader may verify that S satisfies the four-values condition in TZ. On the 
other hand, is not associative on S*. Indeed, if X is the gap cut (4, 00) then, by Lemma 
(1 +*5 1) gx = gx +5 9x = 8 + and 1 +*5 (1 gx) = 1 5+ = 6 +. 

Finally, it is worth noting that if 77 is a countable distance monoid then there is a more direct 
way to demonstrate that fC-ji is a Fraisse class. In particular, to prove IC-ji has the amalgamation 
property, one may use the natural generalization of the notion of “free amalgamation of metric 
spaces.” 


2.12 
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Definition 5.10. Let 7^ be a distance magma. 

1. Suppose A = (A,dA) and B = {B^ds) are finite 7^-metric spaces such that Af\ B A ^ and 
dA\Ar\B = dsUnB- Define the 7?.-colored space A®B = (C, dc) where C = Au B and 


dc{x,y) 


/ 

dA{x,y) iix,y£A 

< dBix,y) A x,y € B 

min (dA{x, z) © dsiz^ y)) if x G A\B and y G B\A. 
,z&Ar]B 


2. IZ admits free amalgamation of metric spaces \i A®B is an 7^-metric space for all finite 
7^-metric spaces A and B. 

Exercise 5.11. Let TZ be a distance magma. Then TZ admits free amalgamation of metric spaces 
if and only if © is associative. 


6 Quantifier Elimination in Generalized Urysohn Spaces 

In this section, we consider quantifier elimination in the theory of a generalized Urysohn space of the 
kind constructed in Section]^ The setup is as follows. We have a distance magma TZ = {R, ©, <, 0) 
and a countable subset SCR, such that 0 G S' and S satisfies the four-values condition in TZ. 


We will also assume S is sum-complete. The reason for this is that Lemma 6.9, which is a key 
tool in this section, crucially relies on the existence of an associative binary operation on the set of 
distances. Altogether, in light of Remark |4.4[ l), we can encompass this general situation by simply 
fixing a countable distance monoid TZ = {R, ©, <, 0) and choosing S = R. 

Let Th.{UTi) denote the complete £j?-theory of the 7^-Urysohn space Uti (which exists by Propo¬ 
sition 5.7), and let d denote Then TZ* = (7?*, ©|j, <*, 0) is a difference-complete distance 


monoid, with generalized difference operation \a ©^ /3| (see Definition 4.12). We continue to con¬ 
sider TZ as an £om-substructure of TZ*. Therefore, to ease notation, we will omit the extra decora¬ 
tions on the symbols in Tomj and let TZ* = (7?*,©, <,0). We also use \a © j3\ to denote \a Q*^ /3|. 
It is worth observing that, while TZ* is difference-complete by Theorem 4.11[ TZ itself may not be 
difference-complete and so 72 may not be closed under |r © s|. 


The next claim follows by universality oiUn, Theorem 4.7, and compactness. 


Proposition 6.1. Any TZ*-metric space is isometric to a subspace of some model o/Th(277^). 

The goal of this section is Theorem a characterization of quantifier elimination for TIi{Uti). 
The proof will rely on extension axioms, i.e. T/j-sentences approximating one-point extensions of 
finite 77*-metric spaces. We begin with several definitions in this direction. 

Definition 6.2. Fix an 77*-metric space A = {A, dA)- 

1 . A function / : A —)• R* is an 77*-Katetov map on A if, for all x,y G A, {dA{x, y), f{x), f{y)) 
is an 77*-triangle. 

2. Let E'ii*{A) be the set of 77*-Katetov maps on A. 

Remark 6.3. Note that the definition of Katetov map makes sense in the context of an arbitrary 


distance magma. These maps take their name from 14 , in which Katetov uses them to construct 


the Urysohn space, as well as similar metric spaces in larger cardinalities. See 17 for more on 


Katetov maps in the classical setting, including an analysis of E-ji{A) as a topological space. 
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Katetov maps have a natural model theoretic characterization as quantifier-free 1-types. In 
particular, if A is an 7^*-metric space then, by Proposition |6.1[ we may fix M \= Th.{UTi) such that 
.A is a subspace of {M^du)- Let be the space of quantifier-free 1-types over the parameter 

set A. Given / G E'ji*{A), define qf{x) = a). Conversely, given q{x) G let 

fq : A —> R* such that a) C q{x). Then one may verify that / i—g'j is a well-defined 

bijection from E'ji*{A) to with inverse q i—)• fq. 

Going forward, we will only consider non-principal Katetov maps, i.e. those not containing 0 
in their image. 

Definition 6.4. Fix an 7^*-metric space A = {A, d^)- 

1. Let Ei^t.{A) = {/ G Eti*{A) : f{a) > 0 for all a G A}. 

2. Given / G Ei^,{A), define an 7^*-metric space A^ = where A-f = A U {zf}, with 

Zf 0 A, and, for all x G A, dA{x,Zf) = f{x) = dA{zf,x). 

Next, we give a variation of the notion of /^-approximation, which will simplify some steps of 
the arguments in this section. Recall that Int*(R) is the set of intervals in TZ* of the form {0}, (r, s] 
for some r,s € R, or (r, cu/j] where r € R and ojr is the maximal element of R*. 

Definition 6.5. Fix a finite 7^*-metric space A = (A, d^). 

1. A symmetric function 4> : A x A —)• Int* (R) is an ^-approximation of A if dA{a, h) G ‘h(a, h) 
for all a,b ^ Zi. We write <l>(a, b) = (<b“(a, 5), <I>+(a, b)]. 

2. Given an ii-approximation of A and a G Dist(A), define 

(a) = max{^~ (a, b) ■ dA(a, b) = cn} and 

$■*■( 0 ;) = min{4'’''(a, b) : dA(a, b) = a}. 

Let 4 >(q:) = ($“(a), and note that is an R-approximation of Dist(A) in the sense 

of Definition 11.31 and Notation 12.91 

3. Given / G Ei^,{A), if $ is an ^-approximation of A-^ and x G A, then we let <h(x) = ^(x, Zf) 
and write <I>(x) = (<h“(x), <I)+(x)]. 

Definition 6.6. 


1. Given I G Int*(R), define the formula 


d{x,y) G I : = 


r < d(x, y) < s 
< d(x, y) > r 


\x = y 


if / = (r, s] and s G R 
if / = (r, w/j] and ur 0 R 
if/ = {0}. 


2. Fix a finite 7^*-metric space A and / G Ei^,{A). Suppose is an R-approximation of A-^. 
Let A = {ai,..., 0 ^}, and fix a tuple x = (xi,..., Xn) of variables. Define the £ij-formulas 

:= A d{xi,Xj) G 4>(aj,aj), 

K^ix^y) ■■= A d{xi,y) G^{ai), and 


l<i<n 


:= Vxi... Xn 3yA:^(x, . 
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The sentences should be viewed as extension axioms approximating Katetov maps. Infor¬ 
mally, Uti satisfies if, for any xi,... ,Xn in Uti, if {xi,..., Xn} is approximately isometric to A 
then there is some y in Uti such that {xi,... ,x„,y} is approximately isometric to , where in 
both cases “approximately isometric” is determined by ‘h. Of course, if is a poor approximation 
of A^ then there is no reason to expect IAti \= e^. This observation motivates our final definition. 

Definition 6.7. 

1. An extension scheme is a triple (A, /, 'h), where .4. is a finite 7?,*-metric space, / G (A), 
and T is an i?-approximation of A-^. 

2. Eh.ilA'ji) admits extension axioms if, for all extension schemes (.4,/, T), there is an R- 
approximation $ of A^ such that refines T and Uti |= e^. 

To avoid inconsequential complications when ojr 0 R, we make the following reduction. Call 
an extension scheme (4., /, T) standard if x A^) C i?. 

Proposition 6.8. Th(ZY 7 ^) admits extension axioms if and only if, for all standard extension 
schemes (4.,/, T), there is an R-approximation of A-^ such that refines T andUn |= e^. 

Proof. The forward direction is trivial. If ujr G R then every extension scheme is standard, and so 
the reverse direction is also trivial. Assume loh 0 R. 

Claim: If a, /3 G R* and max{a, (3} < lor, then a © /3 < lor. 

Proof: By density of R, there are r,sGR such that a < r < ujr and (3 < s < ojr. So a (B (3 < 
r © s < iOR.// 

Fix an extension scheme (4.,Let Aq = {a G A : f (a) < cj/?}. Suppose Aq = 0. We 
show Ur ^ e^. Indeed, if Ur |= and s G R is such that d{bi, bj) < s for all 6*, bj G b, then, 

by universality and homogeneity, there is some c G Ur such that d{bi,c) = s for all bi G b. If, 
moreover, max{4'“(a) : a G A} < s, then Ur |= K^(b,c). So we may assume Aq A 0- 

Set /o = /Uo) “^0 = (AojdA), and Tq = From the claim, it follows that dA{a,b) < 

Ur for all a,b G Aq, and so we may assume (Ao,/o5^o) is a standard extension scheme. By 
assumption, there is an /^-approximation <l>o of Ag° such that <ho refines Tq and Ur |= e^°. We 
define an i?-approximation <I> of A-^ such that, given a,b G A^ , 


$(a,5) = 


f^>o(a, 6) if a, 6 G Aq U {z/} 
lT(dyi(a,6)) otherwise. 


Then <I> refines T, and we show Ur |= e^. Note, in particular, that if a, 6 G A^ and dA{a, b) = ur 
then ^{a,b) = 

Let A = {ai,...,an}, with Aq = {ai,...,afc} for some 1 < fe < n. Suppose b G Ur is 
such that Ur |= C^(5). If 6 o = (&1) • • ■ j then Ur \= C^°(So) so there is some c G Ur such that 
Ur 1= (6o, c). By homogeneity of Ur and Exercise 5.11, we may assume c 0 5 and cb is isometric 


to the free amalgamation c6o®6. To show Ur |= K^(b, c), it suffices to show d{bi, c) > <I>“(aj) for all 
k < i < n. For this, given k < i < n, there is some 1 < j < k such that d{bi, c) = d{bi, bj) © d{bj, c). 
Since aj G Aq and a* G A\Ao, we have dA{ai, aj) = ur by the claim. Since Ur |= C^(b), we have 
d{bi,c) > d{bi,bj) > ^~{ai,aj) = ^~{ur) = ^~{ai). □ 


Next, we give sufficient conditions for when, in a standard extension scheme (A,/, <h), <1> is a 
good enough approximation of A-^ to ensure Ur \= e^. 
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Lemma 6.9. Suppose (^, f,^) is a standard extension scheme such that: 

(i) for all a,b e A, b) < ^>■'■( 0 ) © 

(ii) for all a,b £ A and t £ R, if {a,b) < t then <I>“ (a) < t © $"'■ (6). 

Then U-ji |= . 

Proof. Let {ai,..., an} be an enumeration of A such that <h~''(ai) < ... < ‘h'''(a„). Suppose there 
are 61 ,..., G Un such that Un |= C^{b). We will inductively construct si,..., Sn £ R such that: 

1. <h“(afc) < Sfc < <h+(afc) for all 1 < A: < n, 

2. for all 1 < A: < n, if Sk < ^~^{ak) then = Si © d{bi, bk) for some i < k, 

3. for all 1 < A: < n, if i < A then {d{bi, bk), Si, Sk) is an 7^-triangle. 

Given this construction, let ; 6 —)■ R such that g{bi) = s*. Then g £ Ei^^.(b,d) by (3), 
with Dist(6^,(i) C R. By universality and homogeneity of Un, there is some c G Un such that 
d{bi,c) = Si for all 1 < i < n. By (1), Un ^ K^(b,c). Therefore, the above construction finishes 
the proof. 

Let Si = <l>+(ai). Fix 1 < A < n and suppose we have s* for i < k. Define 

Sk = min({$+(afe)} U {s* © d{bi, bk) : i < A}). 

Note that (2) is satisfied. We need to verify (1) and (3). 

Case 1: Sk = <h^(afc). 

Then (1) is satisfied. For (3), note that for any i < k, we have 

Sk = ^~'~{ak) < Si® d{bi, bk) and s* < ^>+( 01 ) < < s^ © d{bi, bk). 

So we have left to fix i < A and show d{bi, bk) < Sj © Sfc. Toward this end, we construct a sequence 

i = io > > ... > it, for some t > 0, such that 

• Sit = and 

• for all 0 < ^ < t. Sit = ^H+i ® d{bii,bii^f)- 

Note that such a sequence exists by (2), and since si = ‘h+(ai). By construction, we have 

Si = Sio = d{bitt,bit) © ... © d{bit_^,bit) © 

We also have d{bit,bk) < ^~^{ait,ak) < © <!>“'■ (a^) by (i). Altogether, 

d{bi,bk) < d{bitt,bit) © ... © d{bit_^,bit) © d{bit,bk) 

< d{bit^,bit) © ... © d{bit_.t,bit) © © ^>+( 0 ^) 

= Si® Sk. 

Case 2: Sk = Si® d{bi, bk) for some i < k. 

Then, for any j < A, using (3) and induction we have 

• d{bj, bk) < d(bi, bj) © d{bi, bk) < Si® sj © d{bi, bk) = sj © Sk, 

• Sj < Si® d{bi, bj) < Si® d{bi, bk) © d{bj, bk) = Sk® d{bj,bk), and 
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• Sk = Si® d{bi, bk) < Sj © d{bj, bj,), 

and so (3) is satisfied. For (1), we must show $“( 0 ^) < s* © d{bi, bk)- As in Case 1, we construct a 
sequence i = io > ii >...> it such that 

Si = d{bif^,bi^) © ... © 


We want to show 


d> (ofc) < d{biQ,bi^) © ... © d{bi^_-^,bij © © d{bi,bk). 


By the triangle inequality, it suffices to show 

^~iak) < d{bk, bit) ® 


Since {ak, a^) < d{bk,bit), this follows from {ii). □ 

We can now restate and prove Theorem [B| 

Theorem 6.10. Suppose TZ is a countable distance monoid. The following are equivalent. 

{i) T\i{U-ji) has quantifier elimination. 


(ii) Th(f^ 7 ^) admits extension axioms. 

(in) For all s G R, the map x 1 —)> x © s is continuous from R* to R*. 


(iv) For all nonzero a G R*, if a has no immediate predecessor in R* then, for all s G R, 
a © s = sup{x © s : X < a}. 


Proof, (in) {ii): Fix an ext ension scheme {A, f, 'h). By Proposition|6.8[ we may assume {A, f, T) 


is standard. By Lemma 4.6, there is a metric i?-approximation Tq of Dist(^'f^) such that Tq 


refines 'L. We may consider 'Lq as an i?-approximation of A-^, which refines T. We define an 
i?-approximation 4> of A^ snch that <f> refines 'I'o and Uji |= e^. By Lemma 
4>, refining Tq, so that: 


6.9 


it suffices to define 


(1) for all a,b G A, <f)+(a, b) < <l>+(a) © $"^(6), 

(2) for all a,b G A and t G R, if ^~{a,b) < t then <h“(a) < t © 4>+(6). 

Let <h(o) = 'l'o(a) for all a G A. Given distinct a,b G A, let 4>+(a, 6) = 'I'^(a,6). Since Tq is 
metric, we have that for any a,b G A, 


$+(a, b) = ^+(a, b) < T+(a) © T+(6) = $+( 0 ) © $+(6), 


and so (1) is satisfied. 

Next, we fix a, 6 G A and define <h“(a, 6) satisfying (2). (Note that, to keep <f> symmetric, we 
may need to replace <h“(a, 6) with max{4>“(a, 6), 4>“(5, a)}.) 

Let A = {x G : 4>“(a) < X © <l>+(6)}. Then X is the inverse image of (<l>“(a),a;R] under 
X I—)■ X © Since X is closed upward in R*, it follows from {Hi) that either X = R* or 

X = {I3,ujr] for some fi G R*. li X = R* then (2) is trivially satisfied, and so we may just set 
^~{a,b) = 'I'q (a, 6). Suppose X = {fi,ojpi\ for some fi G R*. Note that 

^~{a) < f{a) < dA{a,b) © f{a) < dA{a,b) © 4 >+( 6 ), 
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and so dA{a,b) £ X = {/3,iOR]. Therefore, by density of R, we may choose u £ R such that 
maxl^Q (a, 6),/?} < u < dA{a,b), and then set <h“(a, 5) = u. To verify (2), fix f G ii with 
<h“(a, 6) < t. Then t £ X, and so <^“( 0 ) < t © <h+(6), as desired. 

(ii) =► (i): Fix M, N ^ Th(f^ 7 ^) and suppose A C MCiN is a substructure. Fix a quantifier-free 
formula ip{x, y). Suppose that there is o G ^ and some b £ M such that M |= ip{a, b). We want to 
show that there is some c £ N such that N |= ip{d, c). Without loss of generality, we may assume 
y?(x, y) is a conjunction of atomic and negated atomic formulas. If 6 G a then we may set c = b. So 
assume 6 0 a. 

Since C Th{h('ii), we have 7^*-metrics dM and d^ on M and N, respectively (as defined in 
Theorem 3.3 and its proof). Let A = (a, c^m) and define / : d —> R* such that /(oj) = dM{ai,b)- 


Then / £E^^,{A). Moreover, there is some i?-approximation T of A-^ = (a 6 , du) such that (p(x, y) 
is equivalent to C^{x) A K^{x,y). Since R admits extension axioms, there is an i?-approximation 
$ of A'^ such that <I> refines T and Uti |= e^. Then N |= C^{d)^ so there is some c £ N such that 
N \= K^{d,c). Since <I> refines 'L, it follows that N |= ip{d,c), as desired. 

(f) => (iv): Suppose (iv) fails. Fix s £ R and nonzero a £ R* such that a has no immediate 
predecessor in R* and sup{x ©s:x<a}<a!©s. By density of i?, we may fix f G i? such that 
sup{x ©s:x<Q!}<f<a©s. By Proposition 6.1, there is M |= Thipl-jA), with 01 , 02,6 G M, 
such that dM{ai, 02 ) = a, dM{ai, b) = s, and dM{a2, 6 ) = a © s. Define the Tfi-formula 


ip{xi, X 2 , y) ■■= d{xi,y) <s A d{x 2 ,y) > t, 
and note that M |= ip{ai, 02 , 6 ). 

Claim: There is N |= Th( 6 / 7 ^), and o'^, O 2 G N, such that d^iai, a' 2 ) = a and N |= 
Proof: By compactness it suffices to fix u, u G R, with u < a < v, and show 

U-ji 1= 3xiX2iu < d{xi,X 2 ) <v A -^3y(p{xi,X2, y))- 


■^3yip{a[,a'2,y). 


Since a has no immediate predecessor, we may use density of i? to fix tc G i? such that u < w < a. 
Then w ® s <t hy choice of t. Pick o'^, a '2 £ Un with d(a)^, 02 ) = w. Then lAn \= u < d{a'i,a' 2 ) < v. 
If 6' G Id'll is such that Un |= a' 2 , b') then 

t < d{a' 2 , b') < d{a'i,a' 2 ) © d(oi, b') = w ® d{a'i, b') <w ® s <t, 

which is a contradiction. So Un ^ -I3y(p{a'i,a'2,y)-// 

Let N be as in the claim. Then M |= 3yif(ai,a2,y) and N |= -<3y:p{a'i, a' 2 ,y). Moreover, 
(oi, 02 ) and {a'l, a' 2 ) both realize Po(xi, X 2 ), and thus have the same quantifier-free type. Therefore 
A\i(JAii) does not have quantifier elimination. 

{iv) =► {Hi): Fix s £ R and let / C i?* be a sub-basic open interval. Let X = {x £ R* : x® s £ 
/}. We want to show X is open. Since TZ* is difference-complete, x i—x©s is upper semicontinuous 
(see Remark 4.10), and so we may assume I = {(5,00r\ for some fd £ R*. If s > /3 then X = R*; so 
we may assume s < jd. Let a = sup{x G i?* : /3 > x © s}. We show X = {a, ujr], i.e., x < a if and 
only if X © s < /3. The reverse direction is by definition of a. For the forward direction, it suffices 
to show a ® s < Id, and we may clearly assume a is nonzero with no immediate predecessor. By 
{iv), a® s = sup{x © s : X < a} < /?. □ 


We again recall that, since TZ* is difference-complete, the maps x 1 —x © s, for s G R, are always 
upper semicontinuous. Therefore, quantifier elimination for Tla{Un) is precisely equivalent to lower 
semicontinuity of these maps. 

It is also worth observing that one can (carefully) express condition {iv) with first-order prop¬ 
erties of TZ, although the characterization is more complicated and less intuitive. We leave this as 
an exercise for the curious reader. 
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Corollary 6.11. There is a first-order Com-sentence T such that, for any countable distance monoid 
TZ, Th{l/('ii) has quantifier elimination if and only if TZ |= (p. 

In Sectionwe will give a number of natural examples, which illustrate that quantifier elimina¬ 
tion for Th.{U-ji) holds in many common situations. For now, we give an example where quantifier 
elimination fails. 

Example 6.12. Let TZ = {R,+,<,0), where = (Q H [2,oo))\{3}. Let X be the gap cut 
(3, oo) n Q. Then gx 2 = . Therefore, given aGi?*,a + 2>5if and only if a > gx, and so 

X X 2 is not continuous. 


Suppose 7^ is a distance monoid, and Th(p(Ti) has quantifier elimination. Using classical results 
in model theory (see e.g. [I^), we can make some immediate observations. For example, Th(Z77^) is 
No-categorical if and only if R is finite; and Th(777^) is small (i.e. has a countable saturated model) 
if and only if R* is countable. We end this section with an V3-axiomatization of ThfU-ji). 

Definition 6.13. Suppose Th.{U'ii) has quantifier elimination. 

1. Given an extension scheme (.4., /, T), let be an i?-approximation of such that $ refines 
T and Uti |= e^. Define €{A, /, T) := e^. 


2. Define U {e(.4., /, T) : (^, /, 'I') is an extension scheme}. 

Theorem 6.14. IfTh{h('ii) eliminates quantifiers then it is axiomatized by T^. 


Proof. Since we have defined using the extension axioms resulting from quantifier elimination 
for T\i(fATi), we may run the same back-and-forth argument as in the proof of Theorem 6.10[ (zi) => 
(i)] to conclude that also has quantifier elimination. Now fix M, N \= and let a G M, 
6 G N" be singletons. Then qftpj\^(a) = qftp^(6) (see Remark 1.2) and so tp^(a) = tp^(5). It 
follows that M and N are elementarily equivalent, and so we have shown that is complete. 
Since C TfifUTi), this proves the result. □ 


7 Examples 


In this section, we consider examples of Urysohn spaces, which arise naturally in the literature, 
and we verify that they all have quantifier elimination. We continue to use the extension TZ* = 
{R*,(B, <,0) as in the previous section. 

Definition 7.1. Let TZ = (i?, ©, <,0) be a countable distance monoid. 

1. 7^ is right-closed if, for any nonempty subset X C. R, if supX < sup 7? then supX G X. 

2. TZ is ultrametric if r © s = maxjr, s} for all r,s € R. 

3. TZ is group-like if, for all r,s £ R, 

(i) if s < r and |r © s| > inf R^^ then r = |r © s| © s; 

{ii) for all x G R, if |r © s| < x and r < sup R then r < x © s. 

Remark 7.2. 


1. Note that finite distance monoids are right-closed. Urysohn spaces over finite distance sets 
are studied in 


m 


21 


and 


22 


from the perspectives of infinitary Ramsey theory and 


topological dynamics of isometry groups. 


26 








2. Suppose TZ is ultrametric. Then is an ultrametric space with distance set R. An important 
remark is that, in this case, Th(^ 7 ^) is essentially the theory of infinitely refining equivalence 
relations, indexed by {R, <). These are very common examples, often used in a first course in 
model theory to exhibit a variety of behavior in the stability spectrum (see e.g. i)- Moreover, 
ultrametric Urysohn spaces are actively studied in descriptive set theory and topological 
dynamics of isometry groups (e.g. [^, [^). 

3. Group-like distance monoids arise naturally in the following way. Fix a countable ordered 

abelian group Q = (G, 0), and a convex subset C C , which is either closed under 

addition or contains a maximal element. Define TZ = {R,®, <,0), where R = C ® {0} and, 
given r, s G i?, r © s = min{r + SjSupC}. Then TZ is group-like. These examples appear 
frequently in the literature in the case when ^ is a countable subgroup of (M, +, <, 0), and are 
often included in the general study of Urysohn spaces (see, e.g., 1^, (^, (^). For instance, the 
rational Urysohn space and rational Urysohn sphere are each examples ofU-ji for a group-like 
distance monoid TZ. 


Proposition 7.3. Suppose TZ is a countable distance monoid. If TZ is right-closed, ultrametric, or 
group-like, then Ti}i(lAn) has quantifier elimination. 


Proof. We show that, in each case, TZ satisfies Theorem 6.10| (iu). 
immediate predecessor in R*, and s £ R. 

If TZ is right-closed then we must have a = ur, and so 


Fix nonzero a £ R*, with no 


lor = sup{x : X < lor} < sup{x © s : x < ljr} < ojr. 

If TZ is ultrametric then a © s = max{a,s}. Since a = sup{x : x < a}, it follows that 
max{a, s} = sup{max{x, s} : x < a}. 

Finally, assume TZ is group-like and suppose, toward a contradiction, that sup{x© s : x < a} < 
a © s. By density of R, there is r £ R such that sup{x ©s:x<a}<r<a©s. Note that 
s < r < supR. If |r © s| = a then [r © s| > inf R^^, since inf R^^ has an immediate predecessor 
in R*, namely 0. But then r = |r'©s|©s = a©s, which contradicts the choice of r. Therefore 
|r © s| < a. By density of R, there is x £ R such that |r © s| < x < a. But then x < a and 
r < X ® s, which contradicts the choice of r. □ 

We end this section with a discussion of a particular family of generalized Urysohn spaces, 
which have been used in previous work to obtain exotic behavior in model theory. First, however, 
we give a more explicit axiomatization of Th{UTi) in the case that TZ is finite. 

Note that if 7^ is a finite distance monoid, then we have TZ* = TZ. In this case, given r £ R with 
r > 0, we let r~ denote the immediate predecessor of r. 

Definition 7.4. Suppose TZ is & finite distance monoid. Given a finite 7^-metric space A, the 
canonical i^-approximation of A is the function <h _4 : A x A —)■ Int(i?) such that <I>yi(a, 6) = 
{dA{a, b)~ ,dA{o,, 6)] for a b. If f £ Ei^{A), we let e{A, f) denote the extension axiom . 

If 7^ is a finite distance monoid, and M is a finite 7^-metric space, then <I >_4 refines any 77- 
approximation of A. Moreover, if / G then Ur |= e{A, f) (this can be shown directly or via 

Lemma [6. 9[ ). Altogether, we may dehne the axiomatization so that, given an extension scheme 
(M, we set e{A, /,'!') = e{A, /). In particular, the extension axiom for {A, /, T) depends only 

on A and /. This axiomatization also agrees with the usual V3-axiomatization of Mo-categorical 
Fraisse limits. 


27 





We now turn to a specific family of examples. Given n > 0, set Rn = {0,1, 2,..., n} and 
Sn = {0) ■ ■ ■) 1}) s-iicl let +n denote addition truncated at n. Define the distance monoids 

Tin = {Rni+n <,0), Sn = (5'n,+ 1 , <, 0), and Qi = (Q n [0, 1 ],+ 1 ,<, 0 ). Note that Sn is a 
submonoid of Qi. 

In j^, Casanovas and Wagner construct Tn, the theory of the free root of the complete graph, 
for n > 0. In particular, Ti is the theory of an infinite complete graph; and T 2 is the theory of 
the random graph. The reader familiar with their work will recognize that, for general n > 0, 
Tn is precisely (using the canonical extension axioms). In order to form a directed system of 
first-order theories, Casanovas and Wagner then replace TZn with Sn and define Too = Un>o '^Sn' 
We now verify that Too axiomatizes Th.(lAQ^), the theory of the rational Urysohn sphere. To do 
this, we prove the following proposition. 


Proposition 7.5. Th{UQ^) = Un<a; Th(^f 5 „). 


Proof. We hrst fix n > 0 and show C Th(Z/fgj). Note that IS.{Uq^) c A{Sn, Qi) (see Example 
1.6), and so T^^q^ C Th(Z^g^) by Proposition jl^ Therefore, we must fix a finite 5n-metric space A 


and / G E^^{A), and show ^ (-{A, /). In particular, we use Lemma 6.9 Let be the canonical 
S'n-approximation of A^ . Given distinct a,b £ A, we clearly have <h“'"(a, b) < <I>'''(a) -|-i <I>+(6). Next, 
fix a,6 G ^ and s G Q n [0,1] with ^~{a,b) < s. Let dA{a,b) = /(a) = and f{b) = where 

0 < i,j,k < n. Then we have s > and we want to show < s -|-i We obviously have 
^ < 1, so it suffices to show i — 1 < ns + j. Since / G Eg^{A), we have i < k + j, and so 
z — 1 < A; — 1 + j < ns + j, as desired. 

We now have Un<i.j — Th(ZYQj. Since T]i{Us^) is a complete T^^-theory for all n > 0, 

and TQn[o_i] = Un>o ^S„y the desired result follows. □ 

Casanovas and Wagner remark that saturated models of Too could be treated as metric spaces 
with “nonstandard” distances in (Q n [0,1])*, but it is not observed that Too is the theory of such 
a classical structure. The main result of is that Too does not eliminate hyperimaginaries. In 
particular, let E{x,y) = {d{x,y) < r : r G Q n (0,1]} be the type-definable equivalence relation 
describing inhnitesimal distance. Then the T-equivalence class of any singleton (in some sufficiently 
saturated model) is a non-eliminable hyperimaginary. In Section 7 of the sequel to this paper , we 
generalize their methods in the setting of an arbitrary countable distance monoid TZ and, assuming 
quantiher elimination, obtain necessary conditions for elimination of hyperimaginaries in Th{U-ji). 
Along the way, we also characterize weak elimination of imaginaries for Th(7/7^). 

In [^, Casanovas and Wagner show that Th(7/Q^) is non-simple and without the strict order 
property. In 10 , it is shown that the theory of the complete Urysohn sphere in continuous logic 
has the strong order property, but not the fully Unitary strong order property. In [^, we rehne 
and extend these methods to characterize the neostability theoretic behavior of Th(7/7^), for any 
countable distance monoid TZ such that TYiifA'jA) has quantifier elimination. 
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